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Abstract: The quantum worldsheet dynamics of vortex strings contains information
about the 4d non-Abelian gauge theory in which the string lives. Here I tell this story.
The string worldsheet theory is typically some variant of the CPN−1 sigma-model,
describing the orientation of the string in a U(N) gauge group. Qualitative parallels
between 2d sigma-models and 4d non-Abelian gauge theories have been known since the
1970s. The vortex string provides a quantitative link between the two. In 4d theories
with N = 2 supersymmetry, the exact BPS spectrum of the worldsheet coincides
with the bulk spectrum in 4d. Moreover, by tuning parameters, the CPN−1 sigma-
model can be coaxed to flow to an interacting conformal fixed point which is related
to the 4d Argyres-Douglas fixed point. For theories with N = 1 supersymmetry, the
worldsheet theory suffers dynamical supersymmetry breaking and, more interestingly,
supersymmetry restoration, in a way which captures the physics of Seiberg’s quantum
deformed moduli space.
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1. Introduction
In the 1970s, faced with the task of understanding strong coupling effects in QCD,
theorists did what good theorists always do: they explored toy models. Surprisingly,
one of the most illuminating of these toys did not live in four spacetime dimensions,
but rather in two. It was the CPN−1 sigma-model, first introduced in [1, 2, 3]. This
model captures many of the most important features of QCD, including asymptotic
freedom, the generation of a mass gap, confinement, chiral symmetry breaking, anoma-
lies, instantons and a large N expansion [4, 5, 6]. Yet, in stark contrast to QCD, each
of these properties can be demonstrated with ease. Historically, this proved to be im-
portant. Understanding the dynamics of the CPN−1 model led to a resolution of the
tensions between the 1/N expansion, instantons and the quark model [6], as well as to
the celebrated Witten-Veneziano formula for the η′ mass [7, 8]. Many of the qualita-
tive parallels that lie between 2d sigma-models and 4d non-Abelian gauge theories are
described in the early review [9].
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Figure 1: The strongly coupled phase.
(The graphics are taken from [12]).
Figure 2: The weakly coupled Higgs
phase. The core of the vortex string re-
mains strongly coupled.
The purpose of this article is to review more recent work which provides a physical
explanation for the relationship between 2d sigma-models and 4d gauge theories and
also extends the parallels from the realm of the qualitative to the quantitative. Key
to this approach is a map between certain 4d gauge theories and 2d non-linear sigma-
models. This map is provided by solitonic vortex strings. As we will explain in detail
in Section 2, vortex strings in a U(N) gauge theory inherit orientational modes and
their low-energy dynamics is described by some variant of the CPN−1 sigma-model on
the string worldsheet [10, 11]. In Section 3 and Section 4 we will show how the 2d
dynamics of the string captures information about the quantum behaviour of the 4d
gauge theory in which it lives.
In the rest of this introduction, we will describe how this works in a little more detail.
Our starting point is a U(Nc) gauge theory, coupled to a number Nf of fundamental
scalar fields q, where Nf ≥ Nc. In general, the low-energy physics of interest is strongly
coupled, as represented by the wild oscillations shown in Figure 1. This is the physics
that we would like to understand.
To study this system, we first deform the theory, pushing it into the Higgs phase by
inducing a vacuum expectation value for q. If the expectation value is made sufficiently
large, and the gauge group is fully broken, then this deformed theory will be weakly
coupled. All wild quantum fluctuations are suppressed, represented graphically by the
boring, white background of Figure 2. At first glance, this doesn’t look like a promising
route to understanding the physics of the strongly coupled phase. However, the theory
in the Higgs phase also admits semi-classical vortex strings, stabilized by the phase of
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q winding in the plane transverse to the string. While meteorological disaster movies
lead us to view the core of the vortex as an oasis of tranquility, in non-Abelian gauge
theories this couldn’t be further from the truth. Unlike the bulk of spacetime, the core
of the vortex is subject to strong coupling quantum effects. It is a wildly fluctuating
region in a sea of otherwise Higgs-induced calm. Moreover, as we shall review below,
the dynamics of the vortex core retains information about the original, normal state,
of the 4d theory.
In Section 2, we describe classical aspects of the vortex string. In particular, we
review how the vortex inherits a CPNc−1 moduli space of orientational modes from the
U(Nc) gauge group in which it lives [10, 11]. We also describe how magnetic monopoles
appear in the theory, confined to live on the vortex string where they appear as kinks
[13]. Finally we briefly sketch the intricate web of other classical BPS solitons that
exist in these theories, and review some potential applications for non-Abelian vortex
strings.
In Section 3, we turn to vortices in 4d theories with N = 2 supersymmetry. Thanks
to the famous work of Seiberg and Witten [14, 15], the low-energy dynamics and the
BPS spectrum of these theories is known. We will show how this information is captured
by the 2d dynamics of the vortex string [16, 17]. In particular, following earlier work of
[18, 19], we will show that the exact quantum spectrum of BPS excitations of the string
coincides with the BPS spectrum of the 4d theory. The quarks and W-bosons appear
as elementary excitations of the string, while the monopoles, which are necessarily
confined in the Higgs phase, appear as kinks on the vortex string. We will further see
how the Argyres-Douglas points in 4d correspond to conformal field theories on the
vortex worldsheet.
Section 4 deals with vortices in 4d theories with N = 1 supersymmetry. These
have N = (0, 2) supersymmetry, and are referred to as “heterotic vortex strings”.
Once again, the worldsheet dynamics of the string captures information about the
4d quantum dynamics. In particular, we shall show how dynamical supersymmetry
breaking and, more interestingly, dynamical supersymmetry restoration on the string
worldsheet corresponds to Seiberg’s quantum deformation of the 4d vacuum moduli
space.
There have been a number of other recent reviews on the related topics of solitons
in non-Abelian gauge theories [20, 21] and their quantization [22, 23].
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2. Non-Abelian Vortex Strings
We start by describing the simplest theory in which non-Abelian vortices arise. We
work in four-dimensional Minkowski space, with gauge group U(Nc) and Nf scalars
qi, i = 1, . . . , Nf , transforming in the fundamental representation. The Lagrangian is
given by,
L4d = − 1
2e2
TrFµνF
µν +
Nf∑
i=1
|Dµqi|2 − e
2
2
Tr(
Nf∑
i=1
qiq
†
i − v2)2 . (2.1)
Here the combination qiq
†
i in the final term is an Nc×Nc matrix and similarly the Higgs
expectation value v2 is to be thought of as multiplying the Nc × Nc unit matrix. The
classical phase of the theory depends on the relative values of Nf and Nc. For Nf < Nc,
an unbroken gauge group remains. In contrast, for Nf ≥ Nc, the gauge group is broken
completely and the theory lies in the Higgs phase. We will be interested in the Higgs
phase because this is where vortices exist. For simplicity, we will choose to focus on
the case Nf = Nc ≡ N . In this case the theory has a unique vacuum state which, up
to a gauge transformation, can be written as
qai = vδ
a
i , (2.2)
where i = 1, . . . , Nf = N is the flavour index and a = 1, . . . , Nc = N is the colour index.
In this vacuum the U(Nc) gauge group and the SU(Nf ) flavour group are broken to
U(Nc)× SU(Nf )→ SU(N)diag , (2.3)
a symmetry breaking pattern known as the colour-flavour locking. The theory exhibits
a classical mass gap at the scale ev.
The fact that the overall U(1) ⊂ U(Nc) is broken in the vacuum provides the nec-
essary topology to ensure the existence of vortex strings. These are supported by the
asymptotic winding of q in the z = x1 + ix2 plane, transverse to the string. This
winding is labeled by the integer k ∈ Π1(U(1)) ∼= Z. For the specific choice of scalar
potential in (2.1), the vortices obey first-order differential equations of the Bogomolnyi
type [24]. For k < 0, these read
(B3)
a
b = e
2
 Nf∑
i=1
qaiq
†
ib − v2δab
 , (Dzqi)a = 0 , (2.4)
with Bµ =
1
2
ǫµνρF
νρ, for spatial indices µ, ν, ρ = 1, 2, 3. Solutions to these equations
describe infinite, straight strings, lying in the x3 direction, with tension,
T = −v2 Tr
∫
dx1dx2B3 = 2πv
2|k| . (2.5)
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For the Abelian-Higgs model (i.e N = 1), the equations (2.4) have long been stud-
ied and describe Abrikosov-Nielsen-Olesen [25, 26] vortices at critical coupling (at the
border between type I and type II superconductivity). Although no analytic solutions
to the equations are known, their existence has been demonstrated by Taubes [27] for
general k, and it is a simple matter to find solutions numerically. The single |k| = 1
vortex has width Lvort ∼ 1/ev.
The N > 1 vortex equations (2.4) are a non-Abelian generalisation of the Abrikosov-
Nielsen-Olesen vortices, which were first studied in [10, 11]. For a single |k| = 1 vortex,
the most general solution can be constructed by appropriately embedding an Abelian
vortex into an N ×N matrix. Let us call the solution to the Abelian equations B⋆ and
q⋆. Then we may, for example, embed the vortex in the upper-left hand corner of the
gauge and flavour groups,
Bab =
 B⋆ 0
.
.
.
0
 , qai =
 q⋆ v
.
.
.
v
 . (2.6)
But, of course, this is not the most general embedding. New solutions can be generated
by acting with the SU(N)diag symmetry (2.3) that leaves to vacuum invariant. There
is an SU(N −1)×U(1) stabilizer of this group action which does not touch the vortex.
Dividing by this stabilizer, we find a moduli space of solutions given by the coset space
[10, 11]1,
SU(N)diag/SU(N − 1)× U(1) ∼= CPN−1 . (2.7)
Different points in CPN−1 describe different orientations of the vortex in colour and
flavour space.
Low Energy Dynamics
We now look at the way these strings move. We restrict attention to an infinite, slowly-
moving, almost-straight string. The string can oscillate in the two transverse directions.
We describe this by promoting the center of mass coordinate Z, which governs the
position of the vortex in the x1−x2 plane, to a dynamical field which can vary in time
and along the string: Z = Z(x0, x3). The string also contains orientational degrees of
freedom and these too can vary along the string worldsheet. The associated coordinates
on CPN−1 are therefore also promoted to dynamical fields whose oscillations give rise
1Strictly speaking, this argument only works in singular gauge, where the Higgs field q does not
wind asymptotically [11]. To construct the most general solution in non-singular gauge, one must
work in patches over the moduli space – see, for example, [28].
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to classically massless modes on the string, somewhat akin to spin waves. The result is
a two-dimensional non-linear sigma-model, mapping the the string worldsheet into the
moduli space CPN−1.
It is simplest to describe the CPN−1 sigma-model by introducing homogeneous coor-
dinates ϕi(x
0, x3), i = 1 . . . , N , together with an auxiliary U(1) gauge field uα(x
0, x3)
on the string worldsheet [6]. The low-energy dynamics of the string is then given by
the two-dimensional theory,
Lvortex = 12T |∂αZ|2 + |Dαϕi|2 + λ
(|ϕi|2 − r) . (2.8)
where α = 0, 3 and Dϕ = ∂ϕ− iuϕ. The field λ is a Lagrange multiplier, imposing the
constraint
∑
i |ϕi|2 = r. There is no kinetic term for the gauge field u. Instead its role
is to identify configurations related by the U(1) gauge action ϕi ∼ eiαϕi. These two
conditions define the target space CPN−1,
{
N∑
i=1
|ϕi|2 = r
∣∣ ϕi ∼ eiαϕi} ∼= CPN−1 . (2.9)
It remains to determine r, which governs the moment of inertia of our orientational
modes. Geometrically, it is the size of the CPN−1 (more precisely, it is proportional to
the Ka¨hler class). It can be shown to be given by [10, 29],
r =
4π
e2
. (2.10)
We see that when the 4d theory is weakly coupled (e2 ≪ 1), the 2d worldsheet theory
is also weakly coupled (r ≫ 1).
Initial Comments on Quantum Effects
Sections 3 and 4 will be devoted to understanding the quantum dynamics of vortex
strings in supersymmetric theories. Here we make a few general comments. In the
absence of the Higgs mechanism, the 4d theory will flow to strong coupling at the scale
Λ4d. What actually happens depends on the ratio of the scales Λ4d and ev, the mass
of the W-bosons.
For Λ4d ≫ ev, the theory hits strong coupling before the Higgs mechanism has a
chance to take effect. Here we must first solve the low-energy four-dimensional physics
before we can begin to discuss vortices. Typically, we can only do this quantitatively
in supersymmetric theories and we will give examples in Sections 3 and 4.
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In contrast, when ev ≫ Λ4d, the Higgs mechanism kicks in, breaks the gauge group
and freezes the gauge coupling at a small value. In this regime we can trust the
description of vortices given above, and use this as a valid starting point for semi-
classical quantization of the string. The two-dimensional CPN−1 sigma-model on the
vortex worldsheet should now be quantized and, at scales below ev, we may talk about
the running of the sigma-model coupling, 1/r. This will hit strong coupling at a scale
Λ2d. In the models that we consider below, we will have Λ2d ≤ Λ4d.
In Sections 3 and 4, we will see that it is fruitful to compare physics in the different
regimes, ev ≪ Λ4d and ev ≫ Λ4d. In particular, thanks to supersymmetry, certain
quantities will be independent of the ratio of these scales. This is ultimately what is
responsible for allowing us to compute certain 4d quantities through a study of the
vortex worldsheet.
Generalizations
The construction above describes the simplest theory which gives rise to the CPN−1
sigma-model on the vortex worldsheet. We can now start to play certain games. We
can change the four-dimensional theory and ask how the vortex worldsheet reacts. For
example, one could add extra fields in four dimensions. It has long been known that
4d fermions, if coupled appropriately, donate massless 2d fermions to the vortex string
[30, 31]. It is also true, that in certain circumstances bosonic fields may also induce
extra zero mdoes [32].
We could also ask more subtle questions. For example, suppose we add Yukawa cou-
plings, or scalar potentials to the 4d theory. How do they affect the vortex dynamics?
What happens if we turn on expectation values for further scalars in 4d? By under-
standing how each of these deformations affects the vortex worldsheet, we start to build
a map from a large class of four-dimensional theories to a large class of two-dimensional
sigma models.
In Sections 3 and 4, we will describe in detail how many of the deformations men-
tioned above affect the dynamics of vortex strings in theories with N = 2 and N = 1
supersymmetry respectively. For now we will study a particular deformation of the
theory that highlights further classical soliton solutions.
2.1 Confined Monopoles
We will consider the deformation that arises from assigning complex masses mi to the
fundamental fields qi. At the same time, we introduce a further 4d scalar field which
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we denote as a: it is a complex scalar, transforming in the adjoint of the U(Nc) gauge
group. The resulting 4d Lagrangian is
L = 1
2e2
Tr(−FµνF µν + 2|Dµa|2) +
Nf∑
i=1
|Dµqi|2
−e
2
2
Tr(
Nf∑
i=1
qiq
†
i − v2)2 −
Nf∑
i=1
q†i {a−mi, a† −m†i}2qi . (2.11)
The mixing between the masses and the coupling to the adjoint scalar a in the last
term is of the type that arises in N = 2 supersymmetric theories. For now, though, we
need only this bosonic action. We work, once again, with Nf = Nc ≡ N . The theory
still has a unique vacuum, now given by
qai = vδ
a
i , a = diag(m1, . . . , mN) . (2.12)
We want to figure out how the vortex string reacts to the presence of non-zero masses
mi. Before doing any calculations, we can anticipate the effect. The CP
N−1 orien-
tational modes of the vortex arose from sweeping out with the SU(N)diag symmetry
preserved in the vacuum (2.7). But when mi 6= 0, the SU(Nf ) flavor symmetry is ex-
plicitly broken. We therefore expect that, for generic masses, the orientational modes
of the vortex will be lifted. Lets see how this works.
In the presence of masses mi, the surviving vortex solutions are those whose energy is
not increased. For this to be the case, we require that the final term in (2.11) vanishes
when evaluated on the vortex solution, with a in its vacuum state. This, in turn,
requires that (a−mi)qi = 0. For generic mi, there are precisely N such solutions which
arise when the Abelian vortex is embedded diagonally within the gauge group,
B = diag(0, . . . , B⋆, . . . , 0) , q = diag(v, . . . , q⋆, . . . , v) . (2.13)
In this way, the single topological quantum number k gets split into Nc distinct low-
energy quantum numbers, distinguished by the diagonal element of B that carries the
flux and by the flavour qi that winds around the string.
The View from the String
We can describe this lifting of orientational modes from the perspective of the vortex
worldsheet [13, 16, 17]. The masses mi can be thought of as inducing a potential over
the CPN−1 moduli space whose zeroes correspond to the surviving solutions. This
potential can be shown to take a simple geometrical form, being proportional to the
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length of a particular Killing vector on CPN−1 [17]. For a single vortex string, it
is a simple matter to describe the outcome of this procedure using the homogeneous
coordinates introduced in (2.8). We introduce an auxiliary complex field, σ, on the
vortex worldsheet. The vortex dynamics is described by the Lagrangian,
Lvortex = 12T |∂αZ|2 + |Dαϕi|2 + λ
(|ϕi|2 − r)− N∑
i=1
|σ −mi|2|ϕi|2 , (2.14)
where the masses mi on the worldsheet are identified with the masses mi introduced in
four dimensions. We see that the orientational modes are indeed lifted by the masses,
and the vortex theory has N isolated vacuum states given by,
|ϕj|2 = rδij , σ = mi i = 1, . . . , N . (2.15)
Notice that, although we have N different types of vortex (2.13), these are all described
within a single worldsheet theory where they appear as different ground states. This
fact allows us to find something new.
The Kink and the Monopole
Since the string has multiple ground states, we have a new object in the theory: a
kink, interpolating between different worldsheet vacua at x3 → −∞ and x3 → +∞
[13]. From the perspective of the worldsheet theory, this object is BPS, obeying the
following first order equations:
D3ϕi = (σ −mi)ϕi , σ = 1
r
N∑
i=1
mi|ϕi|2 . (2.16)
One can think of this kink as a bead threaded on the vortex string, able to move
freely back and forth. But what is the interpretation of the bead? Let us first look
at the quantum numbers of the kink, specializing to U(2) gauge theory for simplicity.
The kink interpolates between two strings, each carrying magnetic flux in a different
U(1) subgroup, as shown in the Figure 3. The kink must soak up magnetic flux B =
diag(0, 1) and spit out magnetic flux B = diag(1, 0). In other words, it is a source for
magnetic flux B = diag(1,−1). This is the same magnetic charge as a ’t Hooft-Polyakov
monopole in SU(2) ⊂ U(2).
We can compute the mass of the bead. For a kink interpolating between the σ = mi
and σ = mj string vacuum, the mass is given by,
Mkink = r∆σ = r|mi −mj| . (2.17)
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Figure 3: A cartoon of the magnetic monopole emitting two flux tubes. The size of the
monopole is Lmono ∼ 1/∆m. The width of the flux tube is Lvort ∼ 1/ev.
We can translate this into 4d quantities using (2.10) and (2.12), to describe the mass
in terms of the expectation values of the adjoint scalar field a,
Mkink =
4π
e2
|ai − aj| =Mmono , (2.18)
which we recognize as the mass Mmono of a BPS ’t Hooft-Polyakov monopole in SU(N)
gauge theory.
The bead on the string looks and smells like a magnetic monopole. In fact, the physics
behind this is clear. The usual ’t Hooft-Polyakov monopole lives in the Coulomb phase,
with the gauge group broken to U(1) factors. The magnetic flux escapes radially to
infinity and is captured by the integral over the S2∞ boundary. In our model, this
occurs when v2 = 0, and 〈a〉 6= 0. In contrast, when v2 6= 0, the theory lies in the Higgs
phase and the gauge bosons are massive. The theory is a non-Abelian superconductor,
exhibiting the Meissner effect. The flux of the magnetic monopole cannot propagate in
the vacuum, and so instead leaves in two collimated flux tubes. These flux tubes are
the vortex strings. The monopole is confined.
While the existence of the magnetic monopole is guaranteed by the topology and
symmetry breaking of the theory, there is something rather special about the mass
formula (2.18). As we turn on v2, the mass of the monopole jumps from a finite number,
Mmono, to infinity, reflecting its confinement and the presence of the two semi-infinite
flux tubes. However, even in the confined phase, we can still assign a finite mass to the
monopole, by viewing it as a finite energy excitation above an infinite vortex string.
Rather surprisingly, equation (2.18) tells us that, in our model, this finite excitation is
independent of the string tension v2 and, in particular, remains constant as v2 → 0.
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Ultimately, this can be understood as a non-renormalization theorem arising from an
underlying N = 2 supersymmetry [16, 17].
Back to the View From Spacetime
Having discovered the confined monopoles from the perspective of the vortex string,
we now return to 4d spacetime and ask what the configurations look like. The config-
urations are BPS and one can derive first order Bogomolnyi equations [13], which can
be shown to imply solutions to the equations of motion arising from (2.11). They are
B1 = D1a , B2 = D2a , B3 = D3a + e2(
N∑
i=1
qiq
†
i − v2)
D1qi = iD2qi , D3qi = −(a−mi)qi (2.19)
These equations combine the vortex equations (to which they reduce when B1 = B2 =
D3qi = 0) with the BPS monopole equations (when v2 = 0). No explicit solutions
to these equations are known. Indeed, the system of differential equations is over
determined. Nonetheless, they are expected to admit solutions which are monopoles
threaded on vortex flux-tubes, as described above.
The size of the flux-tube is set by Lvortex = 1/ev while the size of the monopole is
set by Lmono = 1/∆m. The worldsheet description of the confined monopole is valid in
the regime Lvortex ≪ Lmono. In contrast, when Lvortex ≫ Lmono, we should look to the
full 4d configuration. The flux from the magnetic monopole spreads out radially until
it reaches the penetration depth Lvortex of the non-Abelian superconductor, at which
point it forms collimated flux tubes [13, 16]. Far from the monopole, these flux tubes
are the vortex strings.
2.2 Other BPS Solitons
So far we have discussed 4d theories with Nf = Nc. When Nf > Nc, the 4d theory
has multiple vacuum states resulting in yet another class of 4d solitons: domain walls.
The first order equations describing these objects are again given by (2.19), this time
by setting B = D1q = D2q = 0.
There is fairly compelling evidence that the full equations (2.19) contain solutions
which reflect an intricate set of interactions between the domain walls, the vortex
strings and the confined monopoles. The vortices can end on domain walls, providing
a field theoretic realization of D-branes. As we have seen, monopoles are threaded on
vortices. If these vortices end on walls, there are rules governing which monopole can
pass through which walls. I will not describe these results in detail here but detailed
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reviews of these solitons can be found in [33, 20, 21, 22]. Since a picture paints a
thousand words, I will restrict myself here to showing a beautiful depiction of field
theoretic D-branes taken from [34] in which the equations (2.19) are solved numerically
(in the e2 →∞ limit).
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Figure 4: Plot of a field theoretic D-brane configuration [34].
2.3 Applications
Sections 3 and 4 of this review will focus on the quantum dynamics of vortex strings
in supersymmetric gauge theories. However, in recent years a large literature has
developed studying various properties and applications of non-Abelian vortex strings
which are unrelated to supersymmetry. I summarize some of these results here.
In the cosmological context, the internal modes of non-Abelian vortices affect the
probability for reconnection of cosmic strings which, in turn, affects the density of
string networks seen in the sky. The reconnection of non-Abelian cosmic strings was
discussed in [35, 36, 37]. Related work, studying the forces between vortices with
different orientation when the potential deviates from its critical value can be found in
[38]. Finally, the interaction of non-Abelian vortices with axions was studied in [39].
In the context of QCD, non-Abelian chromo-magnetic strings have been suggested
to be of importance at high densities [40, 41]. At high temperatures, non-Abelian
strings share some key characteristic properties with the ZN magnetic strings seen in
lattice simulations [42], which are argued to form part of the Yang-Mills plasma [43].
Indeed, the strings seen in an Abelian projection of the lattice data also have beads of
monopoles threaded on them in a manner reminscent of the discussion in Section 2.1
above [44]. However, it should be noted that the monopoles in the lattice are junctions
where N strings meet, while the BPS monopoles described here are always junctions
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for two strings. Further aspects of ZN strings which carry orientational modes were
discussed in [45].
Finally, the non-Abelian vortices have also been suggested as a good model of chromo-
electric strings, in the spirit of dual-confinement first proposed by Nambu, ’t Hooft
and Mandelstam [46, 47]. From this viewpoint, the non-Abelian monopoles provide a
model of quarks and the orientational modes of the vortex carry genuine non-Abelian
flux. If this were true, the effects of the orientational modes would show up in lattice
simulations of the QCD string — for example, through the Lu¨scher term [48]. Note
that although the monopoles described above are BPS and emit two flux tubes in
opposite directions, by embedding the U(N) theory in a larger rank gauge group (for
example, SU(N + 1) → U(N)), one can show that there exist monopoles on which
a single string can end [49, 50]. A dual model of color confinement in the context of
N = 1 supersymmetric theories was presented in [51]. Nice reviews of some of the ideas
concerning non-Abelian monopoles and their dual realization can be found in [23, 52].
3. Vortex Strings and Seiberg-Witten Theory
The low-energy physics of four dimensional SU(2) gauge theories withN = 2 supersym-
metry was solved some years ago by Seiberg and Witten [14, 15], with generalizations
to SU(Nc) theories given in [53, 54]. The theory does not exhibit confinement, but has
a slew of other interesting properties including the presence of massless monopoles and
novel interacting superconformal field theories. The Seiberg-Witten solution describes
the interactions of the massless degrees of freedom (it is, in some sense, analogous to
computing fπ in QCD from first principles) and also allows us to compute the exact
mass spectrum of BPS states in the theory. I will not review the Seiberg-Witten solu-
tion here — good reviews can be found in [55]. Rather, in this section, we will see how
the Seiberg-Witten results can be re-derived through a study of the dynamics of the
vortex string.
The Lagrangian (2.11) is a subset of the Lagrangian for N = 2 super QCD. (It is
missing Nf anti-fundamental scalars, q˜i, as well as the fermions). The Seiberg-Witten
solution holds when v2 = 0 and for SU(Nc) gauge group rather than U(Nc). However,
since the U(1) ⊂ U(Nc) is infra-red free, this last point makes little difference. The
Seiberg-Witten solution is typically presented as a function over the Coulomb branch
of vacua, parameterized by the adjoint scalar expectation value 〈a〉, with fixed masses
mi. Here we will instead focus attention on a particular point of the Coulomb branch.
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In the theory with Nf = Nc, this point is defined classically as
〈a〉 = diag(m1, . . . , mN) . (3.1)
At this point, there are N massless quarks. This means that expectation value 〈a〉 is
left undisturbed as we turn on v2 and push the theory into the Higgs vacuum (2.12)
where these N massless scalar quarks condense. For this reason, the point (3.1) on the
Coulomb branch is sometimes called the “root of the baryonic Higgs branch”. While
the vortex string exists in the Higgs phase, as we explained in the introduction, the
core of the vortex string will know about 4d physics at the point (3.1) on the Coulomb
branch. Although we will not be able to explore the full Coulomb branch through the
eyes of the vortex string, by varying the masses mi we will find that we can reproduce
many of the interesting phenomena that occur in Seiberg-Witten theory.
The point (3.1) is the classical root of the baryonic Higgs branch. However, in
the quantum theory, this point gets shifted [56]. One can show that the point on the
Coulomb branch where N quarks become massless, is actually given by the expectation
values 〈a〉 = diag(a1, . . . , aNc) which satisfy the following equation2 for all values of x:
N∏
b=1
(x− ab) =
N∏
i=1
(x−mi) + ΛN4d . (3.2)
Here the strong coupling scale Λ4d is given in terms of the 4d gauge coupling e
2, defined
at the RG subtraction point µ. The beta-function is exact at one-loop in this theory,
and gives
ΛN4d = µ
N exp
(
− 4π
2
e2(µ)
)
(3.3)
In the weak coupling regime, when ∆mi ≫ Λ4d, the quantum vacuum (3.2) coincides
with the classical vacuum (3.1). In contrast, at strong coupling when ∆mi ≪ Λ4d, the
expectation values huddle around Λ4d.
3.1 The N = (2, 2) Vortex Worldsheet
Let us now turn to the vortex worldsheet. As we outlined in the introduction, we
deform the theory by turning on v2 until ev ≫ Λ4d, so that the theory is frozen at weak
coupling.
2For aficionados, the Seiberg-Witten curve at this point degenerates, reflecting the existence of N
massless quarks. It is given by y2 =
(∏N
i=1(x−mi)− ΛN
)2
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The bosonic part of the vortex dynamics is exactly the same as that described in
equation (2.14) of Section 2.1. However, it is now augmented by fermions, originating
from the zero modes associated to the fermions in four-dimensions [30]. The result-
ing worldsheet dynamics has N = (2, 2) supersymmetry in two dimensions; this is
four supercharges, and is to be expected since the vortex string is 1
2
-BPS in the four-
dimensional N = 2 theory.
There are two Goldstino modes, χ±, arising from the supercharges that are broken
in the presence of the vortex. These sit, together with the translational collective
coordinate Z, in a N = (2, 2) chiral multiplet. At lowest order in the derivative
expansion, all these fields are free. More interesting are the internal modes and their
fermionic partners. We introduce N left-moving Weyl fermions ξ−i, andN right-moving
Weyl fermions ξ+i on the the worldsheet. Each of these has charge +1 under the
auxiliary worldsheet gauge field uα. The form of the worldsheet Lagrangian is fixed by
N = (2, 2) supersymmetry. It is
Lvortex = |Dαϕi|2 + 2i
(
ξ¯+iD−ξ+i + ξ¯−iD+ξ−i
)
−|σ −mi|2|ϕi|2 + (ξ¯−i(σ −mi)ξ+i + h.c.)
+λ
(|ϕi|2 − r)+ (ζ¯−ξ¯+iϕi + ζ¯+ξ¯ϕi + h.c.) (3.4)
where all summations over i = 1, . . . , N have been left implicit. The derivatives acting
on fermions are D± = D0 ∓D3.
In the final line of (3.4), we have introduced two Grassmann Lagrange multipliers,
ζ+ and ζ−. These are the superpartners of auxiliary bosonic fields λ and σ. Their role
is to impose the constraints that the fermi zero modes live in the tangent bundle of
CPN−1 or, simply,
N∑
i=1
ξ¯+iϕi =
N∑
i=1
ξ¯−iϕi = 0 (3.5)
The Quantum Worldsheet
We now describe the quantum theory on the vortex worldsheet. The first hint that there
is something magical going can be seen by studying the beta-functions. Recall from
(2.10) that the 2d sigma-model coupling and 4d gauge coupling are related classically,
r =
4π
e2
(3.6)
Importantly, in theories with N = 2 supersymmetry, this relation is preserved under
RG flow. Both 2d and 4d beta-functions are one-loop exact. If we first set the masses
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to zero, mi = 0, then the running of the coupling is given by
r(µ) = r(µ0)− N
2π
log
(
µ0
µ
)
(3.7)
This ensures that the running of the 2d coupling tracks the would-be running of the 4d
coupling (“would-be” because we froze the coupling e2 at the Higgs scale). This has
the consequence that the 2d and 4d strong coupling scales agree: Λ2d = Λ4d.
The running coupling (3.7) holds when the masses vanish: mi = 0. Turning on the
masses breaks the non-Abelian global symmetry of theCPN−1 sigma-model: SU(N)→
U(1)N−1. This halts the running of the 2d coupling r. This is entirely analogous to the
situation in 4d where the expectation value 〈a〉 ∼ diag(m1, . . . , mN ) breaks the gauge
group U(N) → U(1)N , halting the running of the 4d coupling e2. The upshot of this
is that for ∆mi ≫ Λ2d = Λ4d, both the 2d worldsheet theory and the 4d gauge theory
are weakly coupled.
We now turn to the mass spectrum of the worldsheet theory. The spectrum of the
bosonic and supersymmetric CPN−1 sigma-model was solved many years ago in [5, 6]
and [57]. The solution of the model with masses mi was solved in [18]. The key idea
in all of these papers is to figure out what fields to focus on. Naively, you might think
that you’re interested in the dynamical fields ϕi and ξ±i. But you’re not! You’re really
interested in the constraint and auxiliary fields. These are the gauge field uα, the
Lagrange multipliers λ and ζ± and the auxiliary complex scalar σ. They live in the
same supermultiplet which, in two dimensions, forms a twisted chiral superfield, Σ
Σ = σ + θ+ζ¯+ + θ¯
−ζ− + θ
+θ¯−(λ− iG03) (3.8)
where G03 = ∂0u3 − ∂3u0 is the auxiliary field strength.
To compute the mass spectrum of the theory, we integrate out ϕi and ξ±i to derive an
effective action for the superfield Σ. The leading contributions to this effective action
are the kinetic term, and potential term which, in superfield language, are written
in terms of a Ka¨hler potential K(Σ,Σ†) and a holomorphic (twisted) superpotential
W(Σ),
Leff =
∫
d4θK(Σ,Σ†) +
∫
dθ¯+dθ−W(Σ) + h.c.
=
∂2K
∂σ∂σ†
|∂ασ|2 −
(
∂2K
∂σ∂σ†
)−1 ∣∣∣∣∂W∂σ
∣∣∣∣2 + fermions (3.9)
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The Ka¨hler potential is unknown (it can be computed at weak coupling when ∆m≫ Λ).
However, the superpotential is fixed exactly by holomorphy and various symmetries.
It includes a tree-level piece, and one-loop piece, and is given by [57, 58],
W(σ) = −rσ − 1
2π
N∑
i=1
(σ −mi)
[
log
(
σ −mi
µ
)
− 1
]
(3.10)
The vacua of the vortex string sit at the critical points ofW. We find that the N vacua
of the classical theory survive to the quantum theory (indeed, the Witten index tells
us that they must), but they are shifted from their classical values:
∂W
∂σ
= 0 ⇒
N∏
i=1
(σ −mi) = ΛN2d (3.11)
At weak coupling, ∆mi ≫ Λ2d, the vacua are close to their classical values (2.15).
However, when the sigma-model is strongly coupled, ∆mi ≪ Λ2d, the worldsheet vacua
gather around the strong coupling scale Λ2d.
How do we interpret these vacua at strong coupling? To see this, let us look at the
equation of motion for σ arising from (3.4),
irσ =
N∑
i=1
(ξ¯+iξ−i +mi|ϕi|2) (3.12)
In the absence of masses, σ controls the fermi condensate of the theory. The N vacuum
states are then the N different values for the condensate of fermi zero modes on the
vortex string.
Quantum Kinks
Since the quantum vortex string still has N isolated ground states, we may look at
the kinks on the string. As we argued in Section 2, these are interpreted as magnetic
monopoles, confined to live as beads threaded on the vortex. Even though we do
not know the value of the Ka¨hler potential K(σ), we still have enough information
to compute the exact mass of these kinks in the quantum theory. To see this, we
simply complete the square in the energy functional for the string, a` la Bogomolnyi.
We concentrate on static field configurations. Writing f(σ, σ†) = ∂2K/∂σ∂σ†, the mass
of the kink is given by,
E =
∫
dx3 f |σ′|2 + f−1
∣∣∣∣∂W∂σ
∣∣∣∣2
– 17 –
=∫
dx3 f
∣∣∣∣∣ ∂σ∂x3 − αf−1
(
∂W
∂σ
)†∣∣∣∣∣
2
+ α⋆
∂σ
∂x3
∂W
∂σ
+ α
∂σ†
∂x3
∂W†
∂σ†
≥ 2Re [α⋆ W|x3=+∞ − α⋆ W|x3=−∞] , (3.13)
for some phase α. We can maximize the inequality by choosing α = ∆W/|∆W|. This
maximal inequality is then saturated by BPS kinks, whose mass is given by,
Mkink = 2|∆W| . (3.14)
In this way, the mass of the kink on the vortex string can be computed analytically for
all values of the masses mi using the exact superpotential (3.10).
We can compare this calculation to the exact quantum mass of the 4d BPS monopole
computed using the Seiberg-Witten solution [14, 15]. The relevant calculation is rather
different to the one described above: one must integrate a particular one-form over a
cycle in the Seiberg-Witten curve3. Remarkably, the result agrees with the computation
of the kink mass described above, so that even in the quantum theory we have the result
[18, 16, 17]
Mkink = Mmono . (3.15)
Yang-Mills Instantons vs Worldsheet Instantons
The derivation above gives the exact quantum mass spectrum of the kinks. However, it
is deceptively simple and it is illustrative to recast the answer in a more explicit form.
Consider, for example, the U(2) gauge theory and set m1 = −m2 = m. The theory is
weakly coupled when |2m| ≫ Λ. In this regime, we may expand the soliton mass as
Mkink = Mmono =
2
π
∣∣∣∣∣√Λ2 +m2 + m2 log
(√
Λ2 +m2 −m√
Λ2 +m2 −m
)∣∣∣∣∣
=
2|m|
π
∣∣∣∣∣
(
1 + log
(
Λ
2m
)
+
∞∑
n=1
cn
(
Λ
2m
)2n)∣∣∣∣∣ . (3.16)
The semi-classical interpretation of this expansion is clear. The first two terms describe
the classical and one-loop contributions to the soliton mass, now written in terms
of the RG invariant scale Λ rather than r. Although supersymmetry forbids higher
loop corrections, there are an infinite series of worldsheet instanton contributions, with
3Those familiar with the Seiberg-Witten solution will note that the Seiberg-Witten curve has a
natural expression in terms of the 2d superpotential: y2 = (∂W/∂x)2. This is the key mathematical
statement underlying the physical agreement between the two theories.
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coefficients cn which can be easily computed from the Taylor expansion of the exact
result. This is an expansion in Λ or, alternatively,
exp(−Sinst) = exp(−2πr) = exp
(
−8π
2
e2
)
(3.17)
In the two-dimensional theory, these instanton contributions to the mass Mkink are due
to worldsheet instantons of the CPN−1 sigma-model; in the four-dimensional theory,
the contributions to Mmono are from U(N) Yang-Mills instantons. And yet, term by
term, the two series agree.
This agreement between the 2d and 4d instanton expansions is due, in part, to the fact
that the two instantons represent the same object. The bulk of the 4d theory lies in the
Higgs phase. Here the instanton shrinks to zero size and no non-singular solution exists.
However, the Yang-Mills instanton may shelter from the Higgs expectation value by
nestling inside the core of the vortex string, where it appears in the guise of a worldsheet
instanton4. This is analogous to the fact that, as we have seen above, a Yang-Mills
monopole appears as a kink on the vortex string. Indeed, just as there exist first order
Bogomolnyi equations (2.19) describing the confined monopole, so there also exist first
order equations describing Yang-Mills instantons nestled inside the vortex string. We
set the masses mi = 0 to zero and work in four-dimensional Euclidean space. Defining
a complex structure on R4 to be given by z = x1 + ix2 and ω = x4 + ix3, the relevant
equations are
F12 − F34 = e2
∑
i
qiq
†
i − e2v2 , F14 = F23 , F13 = F24 , Dzqi = 0 , Dw¯qi = 0
These equations are a mixture of the self-dual Yang-Mills equations and the non-Abelian
vortex equations. In the physics literature, they were first derived in [17] and studied
further in [59]. However, they were earlier introduced in the mathematics literature
by Taubes in order to prove the equivalence of Gromov invariants and Seiberg-Witten
invariants for symplectic four-manifolds [60]. The quantum equivalence between 2d and
4d theories described above appears to be the physical incarnation of Taubes’ result.
While the exact results above demonstrate agreement between the instanton expan-
sions in 2d and 4d, one can ask how this might arise from a first-principles microscopic
semi-classical calculation. This remains an open question. However, a clue certainly
lies in the observation that the moduli space of k worldsheet instantons in CPN−1
4This is particularly clear from the brane picture described in [10, 17], where both objects arise as
Euclidean D0-branes lying in the D4 world-volume.
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— which we denote as V̂k,N — is a complex submanifold of Ik,N , the moduli space
of k non-commutative Yang-Mills instantons in U(N) [10]. As shown explicitly by
Nekrasov [61], localization theorems hold when performing the integrals over Ik,N in
N = 2 SQCD and the final answer contains contributions from only a finite number
of points in Ik,N . It is simple to check that all of these points lie on V̂k,N ⊂ Ik,N . It
would be interesting to put these observations on a firmer footing.
W-Bosons, Dyons, and Curves of Marginal Stability
Agreement between the quantum spectra of the 2d and 4d theories stretches beyond
equation (3.15). Other results include:
• The elementary internal excitations of the string can be identified with W-bosons
of the 4d theory. When in the bulk, away from the string, these W-bosons are non-BPS.
But they can reduce their mass by taking refuge in the core of the vortex whereupon
they regain their BPS status [16, 17].
• The 4d theory contains dyons. The 2d theory also contains dyonic kink objects,
first described classically in [62]. The quantum corrected masses of dyons in the two
theories are identical [18]. Moreover, for Nc ≥ 3, both the topological and Noether
charges become (Nc − 1)-vectors. Both 4d theories and 2d theories have an interesting
spectrum of states where the topological charge vector does not lie parallel to the
Noether charge vector and these dyons have an interesting structure of decay modes as
the masses mi are varied and one crosses curves of marginal stability. Recent work has
studied this decay in the 4d theory and its relationship to the Kontsevich-Soibelman
formula [63]. It would be interesting to match this to the decay of dyons in the 2d
worldsheet theory.
• The theta angle in 4d can be shown to induce a 2d theta angle on the vortex world-
sheet [17, 29]. In both 2d and 4d, the coupling constants are naturally complexified,
t = r + iθ =
4π
e2
+ θ (3.18)
Both theories then manifest the Witten effect, in which the theta angle induces a
Noether charge on the soliton, shifting its mass [64, 18].
• We have here described the theory with Nf = Nc. For Nf > NC , the nature of the
vortex strings is qualitatively different: they pick up (logarithmically divergent) scaling
modes, and are sometimes referred to as “semi-local” strings [32]. They were studied
in non-Abelian gauge theories in [10, 65]. The story described above can be repeated,
and the worldsheet spectrum once again coincides with the spectrum of the 4d theory
in which it’s embedded [19, 17].
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3.2 Superconformal Worldsheets
One of the most striking features to arise from Seiberg and Witten’s analysis of N =
2 gauge theories is the existence of points on the Coulomb branch where magnetic
monopoles become massless. How is this seen from the perspective of the vortex string?
Because we are sitting on Coulomb branch at (3.2), where massless quarks already
exist, if we can tune the mi so that monopoles also become massless then the 4d
theory would have massless degrees of freedom with both magnetic charge and electric
charge. This results in an interacting superconformal field theory (SCFT), known as
Argryes-Douglas point [66].
For the case of Nf = Nc ≡ N , massless monopoles can be shown to arise when the
masses are tuned to the critical point,
mk = − exp (2πik/N) Λ , k = 1, . . . , N (3.19)
The 4d SCFT at this point fits into the ADE classification of [67, 68] — it is the A2N−1
theory in the language of those papers.
Since we have Mmono = Mkink, the masses of kinks on the vortex worldsheet must
also vanish [69]. Indeed, this is simple to see. From (3.11), the N isolated worldsheet
vacua lie at
∏
(σ −mi) = ΛN . At the critical point (3.19), all of these vacua coalesce
at the origin σ = 0. The question is: what is the physics of the worldsheet at this
point? This is simple to answer [70]. We expand the twisted superpotential (3.10) at
the critical point for small σ/Λ to find that the familiar logarithms vanish, and are
replaced by a polynomial Landau-Ginzburg model,
W(σ) = c0 σ
N+1
ΛN
+ . . . (3.20)
where c0 is an overall constant coefficient, and . . . refer to irrelevant operators. The
Ka¨hler potential of the worldsheet theory is unknown at this strongly coupled point.
However, this is unimportant because the Ka¨hler potential is expected to adjust itself
under RG flow so that the theory flows to an interacting N = (2, 2) superconformal field
theory which is identified with the AN−1 minimal model in two dimensions [71, 72, 73].
It’s interesting that the CPN−1 sigma-model — the archetypal example of a theory
with a demonstrable dynamical mass gap — can be tuned to flow to an interacting
fixed point. This is achieved by turning on a bare masses mi to precisely cancel the
dynamically generated mass Λ.
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At the superconformal point, the equivalence of the 2d and 4d BPS mass spectra
descends to an equivalence of the spectra of chiral primary operators. The dimensions
of the relevant chiral perturbations of the 2d minimal model are given by,
Dj =
j
N + 1
, j = 2, . . . , N (3.21)
The relevant deformations of the 4d theory fall into two distinct classes [74]. The first
class correspond to varying the mass parameters mi, such that we stay within the
class of vacua (3.2) where vortex strings exist. These deformations are seen on the
vortex string and their dimension agrees with the 2d result (3.21). The second class of
operators involve a variation of the scalar vev 〈a〉, leaving the masses mi untouched.
These take us away from the root of the baryonic Higgs branch (3.2) and are not seen
directly on the vortex string. Nonetheless, as shown in [74], the dimensions of these
operators are fixed by (3.21), and are given by
D˜N−j+2 = 2−Dj (3.22)
In this way, the 2d theory captures the information about the scaling dimensions of all
4d chiral primary operators [70]: half of these are seen directly on the worldsheet; the
remaining half are inferred through (3.22). The analogy between 2d and 4d spectra
in the vicinity of a superconformal points was noted previously in [75] and has been
explored more recently in the context of vortex stings in [76].
Note, however, that while the spectrum of chiral primary operators agree, other
aspects of the 2d and 4d theories do not. For example, the central charge of the 2d
SCFT is (ignoring the free, translational mode) c2d = 3 − 6/(N + 1). Note that the
number of degrees of freedom does not grow without bound as N → ∞. Rather, the
internal modes asymptote to a single free chiral multiplet which can be identified with
Σ. In contrast, the central charges of the 4d theory was recently computed [77] and, as
N →∞, scale as a4d ∼ c4d ∼ O(N), reflecting the growing number of massless modes
present in the 4d SCFT.
3.3 Future Directions
In this section, I briefly mention some open questions in the quantitative correspondence
between the 4d gauge theories and 2d sigma models. Firstly, one may wonder if the
correspondence stretches further than agreement between the spectra to agreement
between correlation functions. Since the kinematics is obviously different in 2d and 4d,
the relationship could not be exact. Nonetheless, one might wonder if, for example, the
chiral rings of the two theories coincide. It would be interesting to explore this further.
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Another direction which merits further attention is the study of multiple, parallel,
vortex strings. The moduli space Vk,N of k vortices in U(Nc) gauge theory with Nf =
Nc ≡ N has dimension,
dim (Vk,N) = 2kN (3.23)
When the vortices are far separated, the moduli describe the positions and orientational
modes of the k strings. However, things become more murky as the vortices approach.
A description of the k vortex moduli space was presented in [10] in terms of a gauged
linear model. One introduces an auxiliary u(k) gauge field uα on the mutual worldsheet
of the strings. There are N scalars, ϕi, transforming in the fundamental k represen-
tation, and a single complex scalar Z transforming in the adjoint representation. The
low-energy dynamics of k vortices is then captured by the Lagrangian,
Lk−vortex = Tr|DαZ|2 + |Dαϕi|2 − Trλ ( [Z,Z†] + ϕiϕ†i − r 1N) (3.24)
where λ is an adjoint-valued u(k) Lagrange multiplier, 1N is the unit N × N matrix
and, as before, r = 4π/e2.
The Lagrangian (3.24) is something of a caricature of the true vortex dynamics. After
integrating out λ we impose the u(k)-valued constraint [Z,Z†]+ϕiϕ
†
i = r. Subsequently
dividing by U(k) gauge transformations results in a sigma-model with target space of
dimension 2kN . The metric on this space does not coincide with the true metric
on the vortex moduli space [78]. Nonetheless, it was argued in [10], using a D-brane
picture, that it correctly captures the topology and asymptotic behaviour of the moduli
space. This was confirmed in [79], and the moduli space of two vortices in U(2) gauge
theory was studied in some detail in [35, 36, 37]. Thus, this non-Abelian 2d gauge
theory should suffice to understand the dynamics of the vortices. In the absence of the
adjoint field Z, the Lagrangian would describe a sigma-model with target space given
by the Grassmannian G(k,N). In this case, aspects of the theory were understood in
[57, 80]. Introducing Z renders the target space non-compact. It would be interesting
to understand the low-energy dynamics of this theory and what it tells us about vortex
interactions.
Finally, there has recently been work looking at vortices in U(1) × SO(N) gauge
theories, as well as other gauge groups [81, 82, 83]. It should be possible to study the
quantum dynamics of these vortex strings to see if they too reproduce the relevant
Seiberg-Witten solution.
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4. Heterotic Vortex Strings and N = 1 Gauge Theories
We have seen that in theories with N = 2 supersymmetry, the worldsheet of the vortex
string captures much of the physics of the 4d theory in which it is embedded. In this
section we turn to theories with N = 1 supersymmetry. We focus here on the theory
with Nf = Nc, and vanishing quark masses mi = 0.
BPS vortex strings once again preserve 1/2 of the supercharges, which now descend
to N = (0, 2) supersymmetry on the worldsheet. They were dubbed “heterotic vortex
strings” in [84]. The worldsheet theory includes a free N = (0, 2) chiral mulitplet,
containing the Goldstone mode Z associated to the translation of the vortex, and a
single right-moving Goldstino χ+ associated to the broken supersymmetry. The internal
modes are now described by the N = (0, 2) CPN−1 sigma-model [84],
Lvortex = |Dαϕi|2 + 2i
(
ξ¯+iD−ξ+i + ξ¯−iD+ξ−i
)
+ λ
(|ϕi|2 − r)+ (ζ¯−ξ¯+iϕi + h.c.) . (4.1)
This differs from the N = (2, 2) theory of (3.4) in two ways: firstly, the auxiliary field
σ is missing. Previously this induced a four-fermi coupling, but this is absent in the
N = (0, 2) theory. Secondly, while the right-moving fermions ξ+ are constrained to
live in the tangent bundle of CPN−1, there is no such constraint for the left-moving
fermions ξ−.
However, there is an important caveat which must be borne in mind. With N = 1
supersymmetry, our theory does not have a mass gap when v2 6= 0 5. This, in turn,
means that there is a continuum of excitations of the vortex string, with energies reach-
ing down to zero. How, then, to write down an effective action for the string? Which
modes should we include? The Lagrangian above contains only the zero modes and
none of the continuum. This is a standard approach to understand the ground states of
solitons. For example, the same technique is used for the moduli space approximation
for monopoles where the same issues arise [85]. Nonetheless, one should bear in mind
that the validity of the low-energy effective action is more subtle that in the situation
with mass gap and below we will use this low-energy theory only to understand the
ground state of the vortex string. However, unlike the case of monopoles, there is yet
another subtlety associated to this continuum of modes for the vortex string. The zero
modes arising from massless fields — which, in the present case means the left-moving
5We are interested here in the theory with Nf = Nc and, as we review in Section 4.2, the massless
modes reflect the existence of a vacuum moduli space. This is different from the case of N = 2
supersymmetry, where the extra adjoint chiral multiplet A, together with the cubic superpotential
W = Q˜AQ, ensured that there were no massless modes when v2 6= 0.
– 24 –
fermions ξ− — are not normalizable. They suffer from a logarithmic infra-red diver-
gence. This point has been stressed, for example, in [86]. Nonetheless, it is imperative
that these modes are included on the vortex worldsheet, for without them the theory
would suffer from an anomaly. (In the gauged linear description, this is a standard
gauge anomaly. In the non-linear sigma-model description, it is an anomaly of the type
described in [87]). Here we proceed with the Lagrangian above, and treat these modes
as if they had finite norm. As we shall see, the resulting physics does indeed correctly
capture the dynamics of the 4d N = 1 SQCD. It would be desirable to have a better
understanding of how to deal with these issues of non-normalizability.
4.1 The N = (0, 2) CPN−1 Sigma-Model
In this section we will examine the low-energy quantum dynamics of the model (4.1).
While both the bosonic CPN−1 model and the N = (2, 2) CPN−1 model have been
studied in detail, less attention seems to have been paid to the N = (0, 2) model.
The Spectrum
Our first task is to describe the spectrum of the worldsheet theory (4.1). To put this
in context, let us firstly recall the spectrum of the bosonic CPN−1 model, and of the
N = (2, 2) supersymmetric model.
The bosonic CPN−1 model confines [5, 6]. This means that, although the elementary
fields ϕi live in the N of the global SU(N) symmetry, the physical states form singlet
and adjoint representations of SU(N). The simplest way to see this is to start with
the gauged linear model (2.8). The U(1) gauge field uα here is merely an auxiliary
construct, designed to impose the gauge equivalence ϕi ≡ eiαϕi. However, in the
quantum theory, the U(1) photon becomes alive because, upon integrating out ϕi in a
1/N expansion, a Maxwell kinetic term is generated,
LMaxwell = 1
Λ22d
G201 , (4.2)
with G01 = ∂0u1−∂1u0. (Note that, at one-loop, the running of the worldsheet coupling
r receives corrections only from the bosonic fields ϕi, and so Λ2d is independent of the
fermion content). But, in two dimensions, the Coulomb force is linear. This means that
charged particles, namely those associated with ϕi, are confined. Physical excitations
are made from ϕ and ϕ† pairs and live in the adjoint and singlet representations of
SU(N).
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With N = (2, 2) supersymmetry, the situation is different. The Maxwell term (4.2)
is once again generated, seemingly leading to confinement of ϕi. However, particles in
the N representation of SU(N) reappear in an interesting manner [6]. The key to this
is the existence of a U(1)A R-symmetry in the theory,
ξ±i → e±αξ±i . (4.3)
There are now two important quantum effects associated to this symmetry. Firstly, it
is afflicted by an anomaly, leaving only a discrete subgroup: U(1)A → Z2N . Secondly,
a fermionic condensate forms,
〈ξ¯+iξ−i〉 ∼ Λ2d . (4.4)
This last equation actually follows from the analysis of Section 3.1 and, in particular,
from (3.11) and (3.12) when we set the masses to zero, mi = 0. The condensate
spontaneously breaks the remnant discrete symmetry: Z2N → Z2. This results in
the N isolated vacuum states that we saw in the previous section. The kinks which
interpolate between these isolated vacua can be shown to transform in the N of the
global SU(N) [6]. Thus the presence of the kinks means that the CPN−1 model with
N = (2, 2) supersymmetry does not confine.
Having reviewed the standard CPN−1 lore, we now turn to the N = (0, 2) model
defined by the Lagrangian (4.1). This was studied in [88]. There is once again a
U(1)A symmetry (4.3) which is broken by an anomaly to Z2N . However, there can
be no condensate (4.4). The reason is that the theory (4.1) is invariant under a chi-
ral global symmetry SU(N)L × SU(N)R which rotates ξ−i and ξ+i independently. A
condensate (4.4) would spontaneously break this continuous global symmetry, violat-
ing the Coleman-Mermin-Wagner theorem [89, 90]. We conclude that the N = (0, 2)
CPN−1 model has a unique ground state. The confining force arising from the Maxwell
term (4.2) results in a spectrum of excitations which lie in the singlet, adjoint and
bi-fundamental representations of the SU(N)L × SU(N)R global symmetry.
In conclusion, the N = (0, 2) sigma-model appears to be closer to the bosonic model
since a condensate does not form, and there exists a single ground state. However, in
a more important fashion, the N = (0, 2) model differs from both its bosonic and N =
(2, 2) cousins: the theory does not have a mass gap. This fact follows immediately from
the standard anomaly matching arguments of ’t Hooft applied to the chiral SU(N)L×
SU(N)R global symmetry. The low-energy spectrum must include massless fermions
transforming in the bi-fundamental representation of SU(N)L × SU(N)R. Moreover,
there is also, at least, one further massless fermion which is a singlet of the global
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symmetry group. This is the Goldstino for, as we shall now show, the N = (0, 2)
model dynamically breaks supersymmetry [88].
Supersymmetry Breaking
It is, in fact, a simple matter to see that the N = (0, 2) CPN−1 model dynamically
breaks supersymmetry. The smoking gun is a dynamically generated expectation value
for the Lagrange multiplier λ. Since λ is the auxiliary field in an N = (0, 2) vector
multiplet (it is usually called D) and may be written as a supersymmetry variation
δζ− = ǫ−λ, an expectation value for λ means the theory dynamically breaks supersym-
metry. In fact, the expectation value for λ was already shown 30 years as a simple
application of the 1/N expansion in the bosonic sigma-model [5, 6], and it is not hard
to check that the presence of fermions in the N = (0, 2) model do not change this con-
clusion6. Ignoring the fermions, one first integrates out the bosonic fields ϕi to leave
the partition function
Zbose =
∫
dλ dAµ exp
(
−N Tr log [−(∂µ + iAµ)2 − λ]+ i ∫ d2x λr + θ
2π
ǫµν∂
µAν
)
.
The Lorentz invariant ground state has Aµ = 0, with λ sitting at the stationary point,
ir +N
∫
d2k
(2π)2
1
k2 − λ+ iǫ = 0 . (4.5)
The integral can be performed exactly to give the supersymmetry breaking expectation
value,
λ = 4Λ22d , (4.6)
Another Way to See Supersymmetry Breaking
There has been study of supersymmetry breaking in several other N = (0, 2) models
recently [91, 92]. In this section, I briefly mention some unpublished work with Allan
Adams and Brian Wecht which gives another perspective on supersymmetry breaking
in the N = (0, 2) CPN−1 model [93]. This method uses the fact that the right-moving
central charge cˆR of any N = (0, 2) superconformal fixed point is determined by the
non-anomalous R-current R,
cˆR = TrR
2 . (4.7)
6In contrast, supersymmetry is not broken in the N = (2, 2) supersymmetric model. This can be
traced to the presence of the extra bosonic field σ which bears the burden of the expectation value
instead of λ.
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Let’s see what this gives for the central charge of our N = (0, 2) CPN−1 model. The
R-charges for the various fermions are R(ξ+i) = R(ξ−i) = −1 and R(ζ−) = +1. This
results in the central charge cˆR = N(−1)2 −N(−1)2 − 1 = −1. But a negative central
charge is nonsensical. What is going on? The point is that the equation (4.7) assumes
the existence of a N = (0, 2) fixed point. A negative central charge is telling us that
this assumption was incorrect, and can be seen as a diagnostic for supersymmetry
breaking7.
4.2 Vortices and the Quantum Deformed Moduli Space
In the previous section, we studied the quantum dynamics of the heterotic vortex
string. This semi-classical analysis is valid when ev ≫ Λ4d. We now turn to the study
of vortices in the opposite regime, with ev ≪ Λ4d. Here, the 4d quantum effects are
paramount. We will see how vortices behave in this regime, and interpret the worldsheet
behaviour seen above, such as supersymmetry breaking, in terms of well-known facts
about N = 1 SQCD.
The Vacuum Moduli Space
Let us first review the dynamics of N = 1 SQCD with Nf = Nc flavors [94]. We will
firstly discuss the SU(Nc) theory and only subsequently gauge baryon number U(1)B
and introduce the FI parameter v2.
The classical theory has a moduli space of vacua parameterized by gauge invariant
chiral operators, constructed from the quark chiral multiplets Qi and Q˜i, with i =
1, . . . , N . The gauge invariant composites are the meson chiral superfield,
Mij = Q˜iQj (4.8)
together with a pair of baryon chiral superfields,
B = ǫa1...aNcQ
a1
1 . . . Q
aNc
Nc
, B˜ = ǫa1...aNc Q˜
a1
1 . . . Q˜
aNc
Nc
(4.9)
These are not independent. They obey the classical relationship
detM − BB˜ = 0 (4.10)
The moduli space of vacua is given by the fields M , B and B˜ subject to the constraint
(4.10). Fluctuations along this space describe massless fields of the theory. The moduli
space is singular at B˜ = B = 0 when rank(M) < N − 2. These singularities reflect
the existence of new massless gluons which emerge when the symmetry breaking is less
than maximal.
7As a check of this, we can look at the CPN−1 model with N = (2, 2) supersymmetry. There is
now one further Grassmann Lagrange multiplier with R-charge R(ζ+) = +1, so the resulting central
charge is now cˆR = 0, as befits a theory with a gap.
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The situation in the quantum theory is different. The classical constraint (4.10) is
corrected to [94],
detM −BB˜ = Λ2N4d (4.11)
The manifold defined by (4.11) is smooth. The singularities of the classical moduli
space have been resolved, reflecting the confining nature of the quantum theory.
Vortices in the Low-Energy Theory
Let us now describe how vortices appear in the low-energy theory. The SU(Nc) theory
does not have the topology to support vortex strings. To introduce vortices we deform
the theory by gauging the U(1)B baryon symmetry. Of the low-energy fields, M is
neutral under U(1)B while B and B˜ have charge +1 and −1 respectively. We introduce
a Fayet-Iliopoulos (FI) parameter v2 ≪ Λ24d for U(1)B which imposes the D-flatness
condition on the scalar fields,
|B|2 − |B˜|2 = v2 (4.12)
Since v2 > 0, we necessarily have B 6= 0 in vacuum. The U(1)B invariant combination
B˜B is then determined by the meson expectation value through the constraint (4.10)
or (4.11).
The question that will concern us here is: when are the vortex strings BPS? The
equations describing a BPS string are the first order Abelian vortex equations,
FB12 = e
2(|B|2 − |B˜|2 − v2) , D1B = iD2B , D1B˜ = iD2B˜ (4.13)
The key observation for our purposes is that these equations have solutions only when
B˜ = 0 [95, 96, 97]. This fact follows from a standard theorem in mathematics which
states that there exists no non-zero holomorphic section of negative degree — see, for
example, [57].
What does this mean for the vortex theory? To make contact with the results of
the previous section, we focus on the case M = 0 for now. (This is identified as the
vacuum with surviving SU(N)L × SU(N)R global symmetry. We will shortly relax
this and look at vacua with M 6= 0). In the classical theory, the constraint (4.10)
allows us to happily sit in the vacuum |B|2 = v2, with B˜ = M = 0. Here BPS
vortices exist; these are identified with the classical BPS vortices that we found in the
previous section. However, in the quantum theory, things are rather different. The
constraint (4.11) no longer allows B˜ = 0, and the vortex is no longer BPS. This is in
agreement with our study of the microscopic vortex theory, in which supersymmetry
was dynamically broken. We see that the breaking of supersymmetry on the worldsheet
is the manifestation of the quantum deformation of the 4d moduli space.
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The Spectrum
In the case of N = 2 supersymmetry, we saw that the BPS spectrum of the worldsheet
theory coincided with the BPS spectrum of the 4d theory (at v2 = 0). With N = 1
supersymmetry, there are no BPS particles. Nonetheless, we shall see that there is still
qualitative agreement between the quantum numbers of the 2d and 4d spectra.
Let’s start by providing an argument for why the spectra of the 2d and 4d theories
should have anything to do with each other. Consider first the N = 1 SU(Nc) the-
ory. As reviewed above, the theory is believed to confine. The low-energy spectrum
consists of a number of massless mesons and baryons, subject to the constraint (4.11).
The mesons transform in the bi-fundamental of the F = SU(N)L × SU(N)R flavor
symmetry; the baryons are singlets. There are also a number of massive mesons, Q†iQj
and Q˜iQ˜
†
j transforming in the singlet and adjoint representations of F , together with
massive baryons transforming in a slew of tensor representations of F .
We now deform the theory by gauging U(1)B and introducing the FI parameter v
2.
For v2 ≪ Λ24d, the baryons are now screened by the massive photon, while the mesons
are left largely unaffected by this change. Some of these mesons may form weakly
bound states with the vortex string. We can then ask what happens as we increase the
ratio v2/Λ24d. This is a hard question. However, we may hypothesize that for v
2 ≫ Λ24d,
some of the mesons bound to the string remain light (i.e. of with mass of order Λ4d).
Such mesons would show up as internal excitations of the microscopic string theory.
This hand-waving argument tells us to expect the spectrum of the vortex theory to
contain some subset of the 4d meson spectrum. Let’s now compare this expectation
against our knowledge of the vortex spectrum. We saw in the previous section that the
microscopic vortex theory has massless modes in the bi-fundamental representation of
F , together with massive modes in the singlet and adjoint representations. This is in
agreement with the meson spectrum of the 4d theory. The massive baryons in 4d are
not seen in the worldsheet theory.
Worldsheet Supersymmetry Restoration
There is another, more surprising, implication of the quantum deformed moduli space
for the vortex string: supersymmetry restoration. Suppose that we sit in a classical
vacuum with detM = Λ2N4d . (Note that this is a strange thing to do: Λ4d is obviously
a quantum generated scale. Here we are tuning a classical expectation value in antic-
ipation of this scale). Then, classically, we have |B˜|2 = Λ4N4d /v2, and no BPS vortices
exist. However, quantum mechanically, we have B˜ = 0 and the vortex string regains
its BPS status.
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Can we see this from the microscopic vortex theory? The answer is yes: we can
write down a N = (0, 2) theory which, classically, has no supersymmetric ground state.
However, at one-loop, supersymmetry of the vacuum is restored. To see this, we first
need to understand how the microscopic vortex theory (4.1) is affected by turning on
an expectation value for the meson field Mij . The answer was given in [88]: the vev
M induces a potential on the worldsheet of the vortex which preserves N = (0, 2)
supersymmetry
V =
M †ijMjk
v2
ϕ†iϕk +
Mij
v
ξ¯i−ξj+ + h.c. (4.14)
This potential has a supersymmetric ground state, with V = 0 only when rank(M) <
N . This is to be expected, for it coincides with the condition for the existence of
classical BPS vortices. When rank(M) = N , the N = (0, 2) CPN−1 sigma model
(4.1), together with the potential (4.14), spontaneously breaks supersymmetry at the
classical level.
Let’s now repeat our analysis of the quantum dynamics including the effects of this
potential. Repeating the steps of Section 4.1, we integrate out the ϕi fields to get an
equation for the expectation value of λ. In the presence of the potential, equation (4.6)
is replaced by
det
(
M †M
v2
+ λ 1N
)
= 4NΛ2N2d (4.15)
We see that, in agreement with the analysis of the quantum deformed moduli space,
the theory has a supersymmetric ground state, with λ = 0, provided that we tune the
meson expectation values to,
detM = 2NvNΛN2d (4.16)
To my knowledge, this is the first time that a supersymmetric vacuum is seen in a
theory which, classically, breaks supersymmetry.
It remains to match the 2d strong coupling scale Λ2d to the 4d scale Λ4d. Recall
that, for N = 2 supersymmetry, these coincided since the relationship r = 4π/e2 was
preserved under RG flow (3.7). With N = 1 supersymmetry, this is no longer the case:
at one-loop, the beta-function for r remains unchanged, while the beta-function for e2
differs between the N = 1 and N = 2 theories. We instead match the Λ parameters
on the worldsheet and in the bulk by first running e2 down to the scale of the vortex
tension, and subsequently running r down to strong coupling, to find
Λ2N4d ∼ vNΛN2d (4.17)
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We now see that, up to an overall constant that we haven’t fixed, the microscopic vortex
theory restores supersymmetry at the same point as predicted by the 4d quantum
deformed moduli space: detM ∼ ΛN4d. However, it should be stressed that the above
result holds at 1-loop in the 1/N expansion. It would be interesting to see if one can
show that, for some finely-tuned M , there always exists a supersymmetric ground state
within the class of theories given by (4.1) with potential (4.14).
4.3 Further Models
As mentioned at the beginning of this section, there is a subtlety with the vortex
worldsheet theory, arising from the fact that N = 1 SQCD does not have a mass gap.
This results in a continuum of modes on the worldsheet, and the associated logarithmic
divergence of the left-moving fermions ξi−. For this reason, a number of further models
have been considered in the literature which do not suffer from this problem.
The simplest such model is soft breaking of N = 2 theories to N = 1. One may do
this by simply adding a soft mass term µ for the adjoint chiral multiplet A. This led to
a puzzle about the vortex dynamics since one might expect that this deformation in 4d
would lead to a deformation on the worldsheet, in which the N = (2, 2) supersymmetry
of the CPN−1 sigma-model is broken softly to N = (0, 2) supersymmetry. The problem
is that there exists no such deformation of the N = (2, 2) sigma-model [98]. This puzzle
was resolved in [84], where it was pointed out that the worldsheet theory really has
target space C × CPN−1. The C factor includes the overall translational mode and,
in the N = (2, 2) theory, two goldstino modes. It was shown in [84, 86] that there
exists a unique deformation of the C × CPN−1 worldsheet theory, consistent with all
the symmetries, which breaks N = (2, 2) supersymmetry down to N = (0, 2). The
quantum dynamics of this model was studied in [88, 92]: with vanishing quark masses,
mi = 0, the theory has N degenerate vacua and breaks supersymmetry. For generic
quark masses, mi 6= 0, the degeneracy between the vacua is lifted.
There is another, very interesting, model which alleviates the difficulty of the contin-
uum of modes. This is the addition of a gauge singlet meson field M , transforming in
the adjoint of the SU(Nf ) flavor group [99]. Such fields are familiar from the Seiberg
dual theories [100]. This addition removes the difficulties with non-normalizable modes,
without introducing further zero modes. However, it is not yet clear how, if at all, the
introduction of the meson field affects the interactions of the modes on the worldsheet.
There is now a large literature studying the dynamics of vortices in different theories
with N = 1 supersymmetry, much of it motivated by the ideas of dual confinement
that were alluded to in Section 2.3. I refer the reader the original papers [49, 50, 51,
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84, 86, 88, 92, 98, 99, 101, 102, 103] and the review articles [22, 23, 52] for more details.
To end this article, I would like to mention what, in my opinion, is an interesting
open problem in this area: what does the vortex string know about Seiberg duality
[100]? To answer this requires a study of semi-local vortices in theories with Nf > Nc.
There are tantalizing hints that N = (0, 2) worldsheet theories may transform in an
interesting fashion under the ubiquitous Nf → Nf − Nc transformation [10, 104] and
various comments on the relationship to Seiberg duality have been made in [105, 106].
However, so far, there seems to be no clean statement about how vortex dynamics
is related to Seiberg duality and whether this connection implies the existence dual
N = (0, 2) worldsheet theories.
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